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Abstract

Folding a multi-link hinge using nonprehensile manipulation provides insight into
the problem classes of nonprehensile manipulation and nonrigid object manipulation.
Because the dynamics of nonrigid object are generally governed by more parameters
than rigid bodies, robustness to parameter uncertainty is particularly important for
these types of tasks. In this work, we propose several Cartesian impedance controllers
which utilize vision feedback, force feedback, or both to fold a multi-link hinge. We
characterize the robustness of these controllers to various system parameters, which
provides insight into the effect of different types of feedback on controller performance.
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Chapter 1

Introduction

In most robot manipulation settings, controllers are designed with two important as-

sumptions: object rigidity and prehensile manipulation. Nonrigid objects may have

complex and difficult to model dynamics, so restricting the scope to rigid bodies sim-

plifies the design process. However, this leaves the robot unable to manipulate many

common objects, such as clothing, food, rope, or paper. “Prehensile” manipulation

refers to manipulation that involves grasping, usually with end effectors like grippers

or dexterous hands. Grasping is a powerful tool that gives the robot a great deal of

control over an object once it is held, but it is not always possible. For example, we

may wish the robot manipulator to complete a task while it already holds something

else or with an end effector which cannot grasp.

In this thesis, we explore a problem class that violates both the rigid body and

prehensile manipulation assumptions: folding a multi-link hinge with a spherical ma-

nipulator. We define a “multi-link hinge” to be a chain of rigid links connected by

revolute springs and dampers, as shown in Figure 1-1a. In our specific task, one end

of the chain of links is fixed to a pedestal platform and the other hangs freely. The

goal is to push the hinge such that the system is pinned against the pedestal (see

Figure 1-1b).

One practical challenge of this task is handling the uncertainty in our model of

the multi-link hinge. The dynamics of nonrigid objects are generally governed by

more parameters than rigid bodies, many of which may require dynamic interactions

13



(a) Example configuration of the multi-link hinge.

(b) Folded configuration with end effector.

Figure 1-1: Example configurations of the multi-link hinge in the four-link case. Note
that in Figure 1-1b, only the end effector (red circle) is shown and the rest of the
manipulator arm is omitted.

to observe. Examples of such parameters within the multi-link hinge include the

stiffness and damping of the joints as well as the coefficient of friction of the link’s

surface with the end effector. To address this uncertainty, we will build controllers

that are robust to variations in many parameters of the object.

One method to improve the robustness and reliability of a controller is to include

feedback on sensor measurements. In this work, we will explore the role of two types of

feedback in this task: visual feedback and force feedback. Visual feedback provides a

pose estimate of the last link in the hinge. Force feedback measures the forces exerted

on the manipulator’s end effector. Although minimizing sensing overhead is generally

advantageous when designing a controller, both of these feedback sources convey

14



fundamentally different pieces of information which are both necessary to complete

the task. To leverage both types of feedback, we will implement our controllers as

Cartesian impedance control laws [1]. This allows us to incorporate both forces and

motions easily into our strategies. We will also use proprioceptive measurements of

joint angles and velocities, although these are mostly used to implement Cartesian

impedance control.

In summary: this thesis aims to develop a controller that can fold a multi-link

hinge robustly. Our primary contributions are the formulation of the multi-link hinge

folding task (Chapter 3), four different impedance control strategies for completing

it (Chapter 4), and studies of these controllers across a variety of object and con-

troller parameters (Chapter 5). Chapter 2 reviews other work on the manipulation

of nonrigid objects. We conclude with a discussion of reflections and further areas of

exploration in Chapter 6.

15
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Chapter 2

Related Work

The problem treated in this thesis lies at the intersection of nonprehensile manipu-

lation and nonrigid object manipulation. In this section, we will focus on the latter

problem class. While there are some challenges shared by most nonprehensile manip-

ulation tasks, such as unilateral controls, underactuation, and nonsmooth dynamics

[2], most strategies tend to be more ad hoc and task specific [3]. This is unsurprising

given that the constraints on nonprehensile manipulation are often very dependent

on the geometry of the manipulator and object.

Two common classes of nonrigid objects are articulated objects and deformable

objects. “Deformable” is generally defined to include any object which may change its

shape when acted upon by external forces, which is a definition that would include the

multi-link hinge. Most work on deformable objects is interested in objects which are

continuously deformable and therefore have a very large or infinite state space, such

as rope, cloth, or paper. “Articulated" objects, on the other hand, are usually defined

to be a narrower class of nonrigid objects: a collection of rigid bodies connected by

revolute joints, prismatic joints, or other similar constraints. They typically have a

relatively small state space and only deform at particular joints. Examples include

doors or drawers. Because the multi-link hinge is composed of rigid bodies connected

by revolute joints, it could be considered an articulated object.

17



2.1 Articulated Object Manipulation

Previous efforts in articulated object manipulation typically assume only the kine-

matic properties of the articulated objects are significant. For example, Klingbeil et

al. determine the trajectory for a robotic arm to open a door based solely on its

axes of rotation and the geometric properties of its handle [4]. Sturm et al. present

a method for estimating the kinematic relationship between links in an object but

do not identify its dynamic properties [5]. Schmid et al. use force feedback in their

door opening control strategy, but it is used only to control the orientation of the

gripper on the door’s handle and not to identify any joint stiffnesses [6]. Moreover,

all of these examples typically focus on linkages with fewer joints than the multi-link

hinges in this thesis.

2.2 Deformable Object Manipulation

The literature on deformable objects typically deals with objects with a larger state

space than the multi-link hinge. These more complex objects also necessitate models

that are richer than the kinematic constraints common in articulated object manipula-

tion. These types of models can capture the variety of dynamics we want our control

strategies to handle. Deformable object models can be categorized in a variety of

ways, such as how many dimensions the object can deform in [7] or how stiff the ob-

ject is [8]. Yin et al. divide deformable object models into three main categories: (1)

mass-spring-damper systems, where the dynamics of a deformable object are approx-

imated by many rigid objects connected by springs and dampers; (2) position-based

dynamics, where the system is modeled as particles whose positions are updated in

order to not violate constraints, such as collision constraints, and whose velocities are

updated based on the new positions; and (3) finite element method (FEM) models,

which uses material properties to produce highly accurate models that also require a

great deal of computation [9].

18



2.2.1 Mass-Spring-Damper Models

FEM and position-based dynamic methods are ill-suited to the manipulation of a

multi-link hinge because the former is unnecessarily complex and the latter does

not capture force constraints. However, mass-spring-damper system models applied

to linear or planar objects essentially approximate higher dimensional deformable

objects as multi-link hinges. Therefore, control strategies which are developed using

these models may provide insight into our task. Moreover, the relationship between

deformable objects and mass-spring-damper models implies that control strategies

developed for the multi-link hinge should be applicable to deformable objects which

are accurately modeled by mass-spring-damper models. Chang and Padif plug a

cable into a socket using a rigid-link model of the object using visual servoing [10].

Namiki and Yokosawa use a mass-spring-damper model to generate trajectories for

their hand manipulators to fold a piece of paper [11]. Both these examples use

prehensile manipulators and depend on maintaining an accurate estimate of the entire

state of the object, both of which we aim to avoid doing.

2.2.2 Paper Manipulation

Among many of the commonly studied deformable objects, paper bears the closest

resemblance to the multi-link hinge. Many strategies to fold paper employ specialized

end effectors. Young and Nourbakhsh turn pages in a book using a five-armed device

that also has adhesive polymers on some end effectors which are used to separate the

pages of the book [12]. Balkcom and Mason fold pieces of paper into origami shapes

using a specialized device [13]. Jiang et al. take advantage of the passive dynamics of

their manipulator’s flexible fingers to lift up the edge of a piece of paper [14]. While

these works demonstrate interesting approaches to paper manipulation, in this thesis

we use a more commonly available manipulator to complete our task. Guo et al. do

use a nonprehensile manipulator to manipulate paper, but they use a Bézier curve

model of the paper rather than a mass-spring-damper model [15]. Elbrechter et al.

use a dexterous hand to fold paper [16]. Although such hands are not as application

19



specific as the previous examples, they are more complex than more common grippers

and impractical for many applications.

2.2.3 Other Approaches

There are several other common strategies for manipulating deformable objects, but

they are all less applicable given our goals and constraints. For example, a common

approach is to locally estimate the Jacobian relating robot joint positions to points

on the object. This allows the computation of joint velocities that move the points

on the object to a desired configuration [17, 18]. These methods may not be robust

to varying stiffnesses in the object and would carry the overhead of measuring the

positions of all the links in the hinge if we were to apply them to our task. Yet

another approach to deformable object manipulation is to apply data-driven control

methods, such as reinforcement learning. Lin et al. benchmarked the performance of

several RL algorithms on a variety of deformable object manipulation tasks and found

that many struggled to perform in the face of high dimensional state and complex

dynamics [19].

20



Chapter 3

Object Modeling and Problem

Definition

Our goal is to fold a multi-link hinge using nonprehensile manipulation. Before we

discuss specific control strategies, we first cover how to model the system and define

our problem. Section 3.1 discusses how to model the hinge as a whole, which is

important insofar as it provides context and the basic assumptions about our system,

but it will not be used directly for control. Section 3.2 describes a more detailed

model of the last link in the hinge specifically. Section 3.3 defines the task success

criteria more formally.

3.1 Full Hinge Model

The hinge is composed of several rigid links connected by revolute joints, as shown in

Figure 3-1. One link of the hinge is fixed to the world on top of a pedestal, and we

assume that we know the location of this pedestal. Therefore, the entire state of the

hinge can be described by the vector of joint angles, which we will call 𝑞𝐿. Each 𝑞𝐿𝑖

angle is defined such that 𝑞𝐿𝑖 = 0 when that joint is flattened so that adjacent links

are aligned. The pedestal and first link in the hinge are oriented such that the axes

of these revolute joints are aligned with the 𝑦-axis, which means the hinge links are

confined to move in the 𝑥𝑧 plane.

21



At each joint, there is a revolute spring and damper. This means that the torque

𝜏𝑖 at the 𝑖th joint due to the stiffness and damping can be described by:

𝜏𝑖 = −𝑘𝑞𝐿𝑖 − 𝑑𝑞𝐿𝑖 (3.1)

Here 𝑞𝐿𝑖 is the angle at the 𝑖th joint, 𝑘 is the stiffness, and 𝑑 is the damping. We

assume every joint has the same stiffness and damping.

�̂�

𝑧

𝑞0

𝑞1

𝑞2

Figure 3-1: Example configuration of the four-link hinge with joint angles annotated.

3.2 Last Link Model

As we will discuss further in Section 4.1, in this work, we design our controllers using

only the state of the last link in the hinge. This means that we rely on a scoped-down

version of the dynamics that only describes the last link rather than the entire hinge.

This section describes that scoped down model. Before detailing this local model, we

will first define several kinematic quantities in Section 3.2.1 and then move onto the

dynamics in Section 3.2.2.
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3.2.1 Kinematic Definitions

Let 𝑝𝐿 ∈ R2 be the position of the last link in the 𝑥𝑧 plane and let 𝜃𝐿 be the rotation

of the link about the 𝑦 axis. Because the link is confined to the 𝑥𝑧 plane, 𝑝𝐿 and 𝜃𝐿

are sufficient to describe the link’s position. We will also define 𝑝𝑀 ∈ R2 to be the

position of the robot’s end effector, so that we can discuss the link’s motions when it

is in contact with the manipulator’s end effector. Figure 3-2 shows these quantities

on the link and the end effector.

𝑝𝐿

𝜃𝐿

𝑝𝑀

�̂�

𝑧

Figure 3-2: End effector (red circle) and last link (gray rectangle) visualized the 𝑥𝑧
plane, along with 𝑝𝐿, 𝜃𝐿, and 𝑝𝑀 . The rest of the manipulator is not shown, as the
link should only make contact with the end effector and no other robot part.

It will also be useful to define an additional set of basis vectors besides �̂�, 𝑦, and

𝑧. Let �̂� be the normal vector pointing from end effector to the link, and let 𝑇 be

the unit vector pointing along the surface of the link towards the edge not connected

to a joint. Figure 3-3 shows these vectors on the link. Note that �̂� and 𝑇 are

perpendicular and lie in the 𝑥𝑧 plane, so �̂� , 𝑇 , and 𝑦 form an orthonormal basis for

R3.

One helpful property of the end effector and link geometry is that once the two

objects have made contact, �̂� only depends on 𝜃𝐿. (By definition, this is also true of

𝑇 ). Additionally, given �̂� and the radius of the end effector 𝑟, we can find the point

of contact 𝑝𝐶 using Equation 3.2. Figure 3-4 visualizes this relationship.

𝑝𝐶 = 𝑝𝑀 + 𝑟�̂� (3.2)
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�̂�

𝑧𝑇
�̂�

Figure 3-3: Manipulator and link, with the addition of the �̂� and 𝑇 directions.

�̂�

𝑧
𝑝𝐶

𝑝𝑀

𝑟�̂�

Figure 3-4: Relationship between �̂� and 𝑝𝐶 .

3.2.2 Dynamics Equations

Now that we have defined these kinematic quantities, we can discuss the dynamics of

the last link. Figure 3-5 presents a free body diagram of the last link. 𝐹𝐺 represents

the force of gravity on the link, and 𝐹𝑁 and 𝐹𝐹 represent the normal and friction

forces, respectively, due to contact with the robot’s end effector. 𝐹𝑂 and 𝜏𝑂 serve as

more of an abstraction: in order to ignore the rest of the state of the hinge besides

the position of the last link, we combine all the effects of the link being connected to

the rest of the object into 𝐹𝑂 and 𝜏𝑂. In other words, the dynamics of the link would

remain the same if 𝐹𝑂 and 𝜏𝑂 were acting on the joint connection point on the last

link but the rest of the hinge were removed.

Adding up the forces on the link, the forces on the link are related to its acceler-
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𝐹𝐺

𝐹𝐹

𝐹𝑁

𝐹𝑂

𝜏𝑂 �̂�

𝑧

Figure 3-5: Free body diagram of last link and manipulator.

ation by:

𝑚𝐿𝑎𝐿 = 𝐹𝑁 + 𝐹𝐺 + 𝐹𝑂 + 𝐹𝐹 (3.3)

Here we define 𝑎𝐿 ∈ R2 to be the acceleration of the link and 𝑚𝐿 to be the mass

of the link. These forces will be relevant for analyzing the motions of the manipulator

in Chapter 4.

The contact forces 𝐹𝑁 and 𝐹𝐹 are subject to Coulomb friction constraints:

|𝐹𝐹 | ≤ 𝜇|𝐹𝑁 | (3.4)

Here 𝜇 is the coefficient of friction between the end effector and the link.

Note that given how we’ve defined �̂� and 𝑇 , 𝐹𝑁 will always point in the same

direction as �̂� , while 𝐹𝐹 will point in either the +𝑇 or −𝑇 direction, always opposing

the relative motion of the end effector and the link.1

3.3 Problem Definition

Given our model of the multi-link hinge system, we can now define what our con-

troller’s goals are. This section will more formally describe what we want the con-

1𝐹𝐹 may also have a component in the 𝑦 direction if the manipulator moves in the 𝑦 direction,
but we will assume the manipulator will always remain in the 𝑥𝑧 plane and neglect this component.
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troller to achieve.

We have broadly stated that we want to fold a multi-link hinge. Figure 3-6 shows

the states that we would like to consider successes, while Figure 3-7 shows the states

we would like to exclude. We also want to reach the success configuration in steady

state, not just transiently.

(a) Success configuration
with two links

(b) Success configura-
tion with four links

(c) Another success config-
uration with four links

Figure 3-6: Several configurations that we would like to include in our success criteria.

�̂�

𝑧

(a) Two-link configuration that
has not acheived success

�̂�

𝑧

(b) Four-link configuration that has not
acheived success

Figure 3-7: Example configurations that we would like to exclude from the success
criteria.

These examples help us decide whether a state should be considered successful

or not. We now also want to quantify our success by some continuous metric. The

quantity we use in this work will be the angle 𝛼, which we will now define.

Let 𝑧𝐶𝑜𝑀 be the 𝑧 height of the link’s center of mass when it rests on the pedestal,

and let 𝑥edge be the 𝑥 position of the pedestal’s rightmost edge. We will call the point
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(𝑥edge, 𝑧𝐶𝑜𝑀) in the 𝑥𝑧 plane 𝑂, as shown in Figure 3-8. Then we will define 𝛼 to

be the angle from the 𝑥 axis to the line formed by 𝑂 and 𝑝𝐿. Figure 3-9 shows this

definition of 𝛼 superimposed on several four-link configurations.

𝑂

Figure 3-8: Definition of the point 𝑂 relative to the multi-link hinge and pedestal.

𝑂

𝑝𝐿

�̂�
𝛼

(a) 𝛼 ≈ 𝜋/6

𝑂
𝑝𝐿 �̂�

𝛼

(b) 𝛼 = 𝜋

𝑂𝑝𝐿
�̂�

𝛼

(c) 𝛼 = 𝜋

Figure 3-9: Progress shown via 𝛼 for the four-link hinge.

We can pose our control goal as increasing 𝛼 until it reaches 𝜋, with the caveat

that it cannot just reach 𝛼 = 𝜋 transiently—it must stay there for at least 0.5 seconds.

This time requirement should enforce that the system reaches a steady state position

at 𝛼 = 𝜋.
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Chapter 4

Control

We have now described the dynamics of the multi-link hinge system and the success

criteria of the task. In this chapter, we will develop several control strategies that aim

to achieve our success criteria. Section 4.1 gives an overview of the methodology and

design assumptions we use in the development of these controllers. Section 4.2 pro-

vides background on the control paradigm used to implement our control strategies,

which is impedance control. Section 4.3 details the control strategies themselves.

4.1 Methodology

In Section 3.3, we defined success in terms of 𝛼, the angular position of the link about

the point 𝑂. Although the dynamics which govern 𝛼 depend on the configuration 𝑞𝐿 of

the entire hinge, 𝛼 itself only depends on the position of the last link. This motivates

us to find a formulation of the controller that avoids the overhead of measuring every

link in the system and estimating many of the parameters. Instead, we develop a

controller which depends only on the local state of the last link rather than the global

state of the entire hinge.

Our key insight into the system dynamics is that movement in the positive normal

direction usually increases 𝛼 as well. More precisely: recall that we defined �̂� as

pointing along the contact normal from the end effector to the last link in Section

3.2. We will define �̂� as the unit vector pointing in the direction of increasing 𝛼.
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Since �̂� depends only on the position of the link in the 𝑥𝑧 plane, we can plot it as a

vector field as shown in Figure 4-1.

If �̂� and �̂� are aligned, meaning �̂� · �̂� > 0, movement of the link in the �̂�

direction will also increase 𝛼. Figure 4-1a shows an example configuration where this

is the case. The property �̂� · �̂� > 0 holds for many configurations of the hinge, even

far into the folding process. Figure 4-1b shows another example configuration where

movement in the normal direction would move us towards our goal.

�̂�

𝑧�̂�

�̂�

(a) A configuration where �̂� and �̂� are aligned.

�̂� �̂�

𝑧
�̂�

(b) Another configuration where �̂� · �̂� > 0, this time further into the task (meaning 𝛼 is
larger).

Figure 4-1: Example configurations where �̂� · �̂� > 0. The blue vector field shows �̂�,
which is the direction in which 𝛼 increases if the last link were at that position. �̂� is
shown as well.
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The only case where this property fails is if we maneuver the manipulator in

between the pedestal and the link, as shown in Figure 4-2. Kinematically, this is

unlikely because of the configuration it would require from the rest of the manipulator

arm. It also generally involves large deformations of the joints, meaning large forces

are required to force the object into such a configuration.

�̂�

Figure 4-2: A configuration where �̂� and �̂� are not aligned, meaning �̂� · �̂� < 0.
Note that the manipulator is in between the last link and the pedestal, which is often
kinematically infeasible once we account for the geometry of the rest of the arm.
Additionally, the joints are at high deformation angles, meaning the manipulator has
to exert large forces to achieve such a position.

Because of the relationship between �̂� and �̂�, all of our controllers will target a

positive velocity of the link in the �̂� direction. Recall that in Section 3.2 we defined

the object forces as the forces exerted on last link by the rest of the hinge. The

combination of object forces and gravity on the link will oppose the motion in the �̂�

direction and must be overcome.

So far, we have established that continual movement in the �̂� direction should also

continually increase 𝛼 towards our control target 𝜋, which was the original control goal

defined in Section 3.3. However, to achieve that positive movement, the manipulator

must maintain contact with the link. We can analyze the contact behavior along the

axes define by �̂� , 𝑦, and 𝑇 . Given that the manipulator will be pushing on the link

to move it in the �̂� direction, it is unlike to break contact along that axis. Although
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the manipulator may break contact in the 𝑦 direction by slipping off the edge, the

𝑦 coordinate of the link is always known and unchanging because we assume the

location of the pedestal. However, the manipulator will move relative to the link in

the 𝑇 direction, so it may break contact in that direction.

In summary: the controllers in this thesis are developed to move the link in the

�̂� direction while maintaining contact in the 𝑇 direction. This translates to exerting

sufficient force in the �̂� direction while maintaining an acceptable position in the

other directions.

4.2 Impedance Control

In Section 4.1, we discussed how we design our controllers to achieve positive net forces

in the �̂� (thereby causing movement in that direction) and maintain contact in the

𝑦 and 𝑇 directions. We selected impedance control because it provides a convenient

way to specify the controller.

Generally, the mechanical impedance of a physical system specifies what forces

that system will produce when certain motions are imposed on it; Hogan proposed

that robots could be controlled by specifying their impedance [20]. In this work,

we use Cartesian impedance control, which emulates the behavior of a mass-spring-

damper system connecting the end effector and a controlled setpoint.

Equation 4.1 defines the desired behavior of the end effector:

𝑀�̈� +𝐷(�̇� − �̇�0) +𝐾(𝑋 −𝑋0) = 𝐹𝑒𝑥𝑡 (4.1)

𝑋 is the position of the end effector and 𝑋0 is the desired position. 𝐹𝑒𝑥𝑡 is the

total force exerted on the system by external sources. 𝑀 , 𝐾, and 𝐷 are our desired

mass, stiffness, and damping matrices, respectively. They are all positive definite

square matrices.

We want to relate the behavior described in 4.1 to torque commands we can send

to the robot’s individual joints. To do that, we will need to introduce several general

equations of robot dynamics. Equation 4.2 relates the velocities of the robot joints
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to the velocity of the end effector:

�̇� = 𝐽𝑞 (4.2)

𝑞 is the vector of all joint angles in the robot. We define 𝑋 = 𝑓(𝑞) to be the forward

kinematics function, meaning that it computes the position 𝑋 of the end effector

given the joint angles 𝑞. Then 𝐽(𝑞) = 𝜕𝑓(𝑞)
𝜕𝑞

, the Jacobian of the forward kinematics

function with respect to the joint angles. Differentiating Equation 4.2 gives us the

relationship between end effector accelerations and joint accelerations, which will be

used to relate back to joint torques:

�̈� = 𝐽𝑞 + 𝐽𝑞 (4.3)

Equation 4.4 describes the equations of motion for the robot joints:

𝑀𝑞(𝑞)𝑞 + 𝐶(𝑞, 𝑞) = 𝜏𝑐𝑡𝑟𝑙 + 𝜏𝑔(𝑞) + 𝐽𝑇𝐹𝑒𝑥𝑡 (4.4)

𝑀𝑞 is the configuration dependent mass matrix of the robot, and 𝐶(𝑞, 𝑞) captures cen-

tripetal and Coriolis terms. 𝜏𝑐𝑡𝑟𝑙 is the vector of actuator torques at each joint. 𝜏𝑔(𝑞)

is the torque on each joint due to gravity, although we will neglect it in the remaining

equations because it is easily compensated for by adding −𝜏𝑔 to 𝜏𝑐𝑡𝑟𝑙 at the end. The

final 𝐽𝑇𝐹𝑒𝑥𝑡 term captures the impact of external forces on joint accelerations.

We have introduced the robot dynamics sufficiently to derive Cartesian impedance

control. First, we can solve Equation 4.4 for 𝑞:

𝑞 = 𝑀−1
𝑞 𝜏𝑐𝑡𝑟𝑙 +𝑀−1

𝑞 𝐽𝑇𝐹𝑒𝑥𝑡 −𝑀−1
𝑞 𝐶(𝑞, 𝑞) (4.5)

We have also dropped the 𝜏𝑔 term at this point. We can now substitute our expression

for �̈� into 𝑞 in Equation 4.3:

�̈� = 𝐽𝑀−1
𝑞 𝜏𝑐𝑡𝑟𝑙 + 𝐽𝑀−1

𝑞 𝐽𝑇𝐹𝑒𝑥𝑡 − 𝐽𝑀−1
𝑞 𝐶(𝑞, 𝑞) + 𝐽𝑞 (4.6)
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We now have two equations for �̈�: the desired dynamics (Equation 4.1) and the

actual dynamics (Equation 4.6). We can relate these to each other and solve for 𝜏𝑐𝑡𝑟𝑙:

𝜏𝑐𝑡𝑟𝑙 = 𝐽𝑇
(︁
𝐾(𝑋0 −𝑋) +𝐷(�̇�0 − �̇�) +𝑀𝑥𝐽𝑀

−1
𝑞 𝐶(𝑞, 𝑞)−𝑀𝑥𝐽𝑞 +

(︀
𝑀𝑥𝑀

−1 − 𝐼
)︀
𝐹𝑒𝑥𝑡

)︁
(4.7)

Here 𝑀𝑋 ,
(︀
𝐽𝑀−1

1 𝐽𝑇
)︀−1, the “operation space mass matrix,” which represents the

inertia of the arm translated into Cartesian coordinates.

We can step through each term in the control law to better understand it. The

first two terms in Equation 4.7, 𝐾(𝑋0 − 𝑋) and 𝐷(�̇�0 − �̇�), represent the stiff-

ness and damping of the end effector relative to its setpoint. The next two terms,

𝑀𝑥𝐽𝑀
−1
𝑞 𝐶(𝑞, 𝑞) and −𝐽𝑞, compensate for the dynamics of the arm. The final term,

(𝑀𝑥𝑀
−1 − 𝐼)𝐹𝑒𝑥𝑡, imposes the desired mass matrix 𝑀 instead of 𝑀𝑋 . However,

imposing a different desired mass can lead to instability and is not necessary for our

task, so we will neglect this term. (Equivalently, we set 𝑀 = 𝑀𝑥.) We will also

use diagonal 𝐾 and 𝐷 matrices and use one value 𝑘tran and 𝑑tran for all translational

entries and one value for all rotational entries 𝑘rot and 𝑑rot.

One important property of Cartesian impedance control is that offsetting the

setpoint 𝑋0 by some offset vector 𝑥 is equivalent to adding a 𝐽𝑇𝐾𝑥 term onto the end

of Equation 4.7. Mathematically, this comes from stepping through the coefficients

of 𝑋0 in Equation 4.7, but at a higher level, this is the expected behavior of a mass-

spring-damper. Moving the setpoint of a spring some distance 𝑑 will increase the

spring force by 𝑘𝑑 for a spring constant of 𝑘, which is how we get the 𝐾𝑥 term. The

𝐽𝑇 coefficient converts that Cartesian force term to joint space, similar to the 𝐽𝑇𝐹𝑒𝑥𝑡

term in Equation 4.4. This means that if we want to add a force vector 𝐹 , we can

simply offset the setpoint by 𝐹
𝑘tran

. This allows for a convenient way to specify our

controller: place the setpoint within 𝑇 bounds that maintain contact, then offset in

�̂� direction to apply sufficient force to move the last link.
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4.3 Strategies

In this section, we will describe several control laws for generating 𝑝0 ∈ R2, the

component of the translational impedance setpoint in the 𝑥𝑧 plane. We will always

set the 𝑦 component of the impedance setpoint to be the 𝑦 coordinate of the pedestal.

Although 𝑋0 also contains a rotational component, we will focus on 𝑝0 because it is

more relevant to our previously discussed control goals in the �̂� and 𝑇 directions.

The orientation component was chosen to avoid kinematic singularities.

Recalling that our two control objectives are exerting force and maintaining con-

tact, our various control strategies explore how different sources of feedback fulfil each

of these objectives. In this work we specifically consider visual and force feedback.

Section 4.3.1 presents the naive approach, which is to generate 𝑝0 offline and not

use any feedback during execution to modify the impedance setpoint. Section 4.3.2

presents a controller that uses visual feedback to estimate the pose of the last link,

which is useful for maintaining contact with the link. The controller in Section 4.3.3

uses force feedback to measure the force exerted on the end effector, which helps the

manipulator to move the last link in the normal direction. Section 4.3.4 presents a

controller that utilizes both visual and force feedback to address both of our control

goals.

4.3.1 Open Loop Trajectory

The simplest approach to generating an impedance setpoint is to use a predefined

trajectory. We first generated a circular path about the point 𝑂 with the desired

radius, as shown in Figure 4-3. Then, we solved for a trajectory of joint robot angles

that placed the end effector within a specified tolerance of the circular path and

satisfied other constraints, such as avoiding kinematic singularities and collisions.

4.3.2 Vision Feedback

In this section, we will discuss how to use vision feedback to generate a setpoint for

the Cartesian impedance controller. By “vision feedback” we mean we assume we have
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𝑂

Figure 4-3: Illustration of an example trajectory with the two-link hinge.

access to a position estimate of the last link in the chain, which could be produced

by fiducial markers. In other words, feedback tells us 𝑝𝐿 and 𝜃𝐿, as defined in Section

3.2.

First considering our control goal to maintain contact, we will place the impedance

setpoint at 𝑝𝐿. This guides the end effector to remain in the center of the link and not

slip off in the 𝑇 direction. Our other goal is to exert normal force to move the link,

but vision does not directly tell us what forces will be exerted on the link. Therefore,

in this controller we use a constant force offset:

𝑝0 = 𝑝𝐿 +
𝐹offset

𝑘tran
�̂� (4.8)

Equation 4.8 shows the visual feedback control law. As previously introduced, 𝑝𝐿

is the estimate of the link position we get from vision. 𝐹offset is a constant parameter

of the controller, and 𝑘tran is the fixed translational impedance stiffness as discussed

in Section 4.2.

The disadvantage of using a constant force is that the system may reach an equi-

librium with the object and gravity forces before 𝛼 = 𝜋 is reached, stalling out rather

than completing the task.

The visual feedback does not tell us how much force to exert, but it does tell us the

correct direction. Since �̂� depends on the orientation of the link, we must estimate

it somehow, but once we have made contact, knowing 𝜃𝐿 is sufficient to accurately

estimate �̂� .
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4.3.3 Force Feedback

Visual feedback helped us remain in contact but didn’t provide information about the

magnitude of the force on the link. Force feedback, on the other hand, can sense what

force is exerted on the end effector and allow us to counteract it to cause motion in

the �̂� direction. We will first look at a control strategy that uses only force feedback

and no visual feedback.

In Section 4.3.2, we maintained contact by placing the impedance setpoint at the

location of the link position as sensed through vision. To preserve contact, we can

take advantage of the relationship in Equation 3.2: 𝑝𝐶 = 𝑝𝑀 + 𝑟�̂� , where 𝑝𝑀 is the

position of the end effector’s CoM, 𝑟 is the radius of the end effector, and 𝑝𝐶 is the

contact point. We know 𝑝𝐶 is a point on the surface of the link, so remaining there

should remain in contact (although it does not provide the same restorative feedback

𝑝𝐿 did if the link slips relative to the end effector). Because proprioception tells us

𝑝𝑀 and we assume knowledge of 𝑟, the only piece of this we still need to estimate

is �̂� . We can estimate the normal vector �̂� through force feedback if we make a

simplifying assumption: the force exerted on the end effector is force purely in the

normal direction.

As shown in Figure 3-5, the force on the end effector is composed of both friction

force and normal force. However, the friction force must obey the Coulomb friction

model (Equation 3.4), which limits the friction force to be significantly lower than

the normal force, especially if the object has a low coefficient of friction. Thus, we

assume the external force is dominated by the normal component.

Let 𝐹 be the unit vector in the opposite direction of the force we sensed. Then,

because of the assumption that this force is purely normal force, 𝐹 approximates �̂� .

To attempt to maintain contact, we can place our initial setpoint at the point 𝑝𝑀+𝑟𝐹 .

If 𝐹measured is the magnitude of the measured force, then offsetting the setpoint by

𝐹measured (plus some small constant amount to make sure we do not stall by reaching

an equilibrium point prematurely) in the 𝐹 direction should cause motion of the link

in the normal direction.
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𝑝0 = 𝑝𝑀 + 𝑟𝐹 +

(︂
𝐹measured + 𝐹offset

𝑘tran

)︂
𝐹 (4.9)

The 𝑝𝑀 + 𝑟𝐹 term corresponds to placing the setpoint at our approximation of a

point on the link’s surface, while 𝐹measured counteracts force on the link in the normal

direction. The 𝐹offset is necessary to ensure we have a net positive force in the 𝐹

direction; like in Section 4.3.2, it is a constant parameter in the controller.

4.3.4 Vision and Force Feedback

The vision feedback controller in Section 4.3.3 has an accurate estimate of 𝑝𝐿 (and

therefore where to place the setpoint to keep contact) and which direction �̂� points,

but it required a constant magnitude of force to exert in the �̂� direction. The force

feedback controller measured what normal force our controller should exert, but did

not have as robust an estimate of where to place the end effector to maintain contact

or in which direction �̂� points. By combining both types of feedback, we can leverage

both strengths:

𝑝0 = 𝑝𝐿 +

(︂
𝐹𝑁measured + 𝐹offset

𝑘tran

)︂
�̂� (4.10)

Here 𝐹𝑁measured is the component of the measured force in the normal direction.

The 𝑝𝐿 and �̂� terms come from vision and match the controller in Equation 4.8,

while the 𝐹𝑁measured term comes from force feedback and matches the controller in

Equation 4.9.

We should expect the controller to stall partway through the task (due to balancing

out with object forces and gravity) less than the strategy in 4.3.2, while it should be

able to maintain contact more consistently than the strategy in Section 4.3.3.
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Chapter 5

Experimental results

In this chapter, we measure the performance of the control strategies outlined in

Chapter 4. We will examine how 𝛼 varies with different parameters. We will also

look at specific trajectories of the entire hinge, such as the example in Figure 5-1.

Section 5.1 gives details of our simulation setup. Sections 5.2 and 5.3 show the

sensitivity of our four control strategies to different object and controller parame-

ters, respectively. Section 5.4 includes a preliminary evaluation of one of the control

strategies on a real robot.

5.1 Simulation Setup

All simulations were done in Drake [21]. The hinge was implemented using the same

model as described in Chapter 3: a series of rigid bodies connected by revolute joints

that have both stiffness and damping.

The manipulator was the Franka Emika Panda. The end effector was a sphere

welded to the last link in the Panda. Figure 5-2 shows several screenshots from

simulation.

Simulations were run until a time limit was reached, the simulation stalled, or our

𝛼 success criteria was reached for at least half a second (meaning transiently reaching

𝛼 would not terminate the simulation). “Stalling” indicates that we’ve reached an

equilibrium point where no bodies are moving but the success criteria has not been
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Figure 5-1: Example trajectories with the four strategies. The circle shows the po-
sition of the end effector while the rectangles show the poses of the links. The color
indicates simulation time, normalized between the time when the end effector makes
contact and when the task is completed (or simulation exits).
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Figure 5-2: Screenshots of Drake simulation showing the Panda arm, end effector,
multi-link hinge, and pedestal.

reached.

We used a nominal set of control and object parameters (meaning attributes of the

hinge) when evaluating sensitivities. Table 5.1 gives the default values for the object

parameters and Table 5.2 gives the default control parameters. When a value is not

being investigated, we will use the default value in the corresponding table. Joint

damping was set to be 𝑘𝐽/10. Impedance damping was set to be critically damped.

Symbol Description Unit Value

𝑚𝐿 Link mass kg 0.11
𝑘𝐽 Hinge joint stiffness Nm

rad 0.35
𝜇 Coefficient of friction Unitless 0.4

Table 5.1: Default values for object parameters

Symbol Description Unit Value

𝑘tran Translational impedance stiffness N/m 4
𝐹offset Offset force for setpoint N 15 (vision feedback)

5 (other feedback strategies)

Table 5.2: Default values for control parameters

𝐹offset has a different value for vision feedback because it was calibrated to achieve

success with the nominal parameters and requires slightly different values than the
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other feedback strategies. For more explanation of this phenomenon, see Section

5.3.1.

5.2 Sensitivity to Object Parameters

One of the design goals of this work is to develop a controller which is robust to

variations in the parameters of the object, as many nonrigid objects have difficult to

measure parameters that may vary widely. To consider how these parameters affect

our task, recall Equation 3.3, the equation for the dynamics of the last link:

𝑚𝐿𝑎𝐿 = 𝐹𝑁 + 𝐹𝐺 + 𝐹𝑂 + 𝐹𝐹 (3.3)

𝐹𝑁 is driven by our controller, but we do not directly control any of the remaining

forces. We can break them down by which parameters dominate their behavior: 𝐹𝐺

depends on the mass of the links 𝑚𝐿, 𝐹𝑂 depends on the stiffness 𝑘𝐽 of the joints

(and to some extent 𝑚𝐿 as well, as it also captures the gravity of the other links on

the joint), and 𝐹𝐹 depends on the coefficient of friction 𝜇. In the next three sections,

we will examine the sensitivity of the controllers to the parameters of the hinge itself.

Section 5.2.1 covers 𝑘𝐽 , Section 5.2.2 covers link mass, and Section 5.2.3 covers 𝜇.

5.2.1 Stiffness

Figure 5-3 shows how progress varies across different joint stiffnesses. We calculate

task progress as 𝛼𝑚𝑎𝑥/𝜋, where 𝛼𝑚𝑎𝑥 is the maximum 𝛼 achieved during a simulation

run with those particular parameters. Note that some of the data points are still

considered failures even though their progress metric crosses the 𝛼/𝜋 = 1 mark—this

occurs when the controller only transiently reaches a success state but does not stay

in that position long enough.

All strategies except the vision and force feedback controller fail eventually as we

increase stiffness, but the open loop controller fails earliest. At some point, the forces

of the impedance alone is insufficient to counteract the stiffness of the object.
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Figure 5-3: Performance of the four impedance controllers on objects with varying
joint stiffness. Open circles indicate failures while closed circles indicate success. See
Figure 5-4 for a zoomed in version of the strategies that use force feedback.
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Figure 5-4: Zoomed in plots of the performance of the strategies which use force
feedback. Note that all points above the threshold for the vision and force feedback
strategy are successes—in other words, if the controller achieves 𝛼 ≥ 𝜋, the system
stays there. By contrast, the force control strategy has several failures that transiently
reach the success state but cannot maintain it.
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The visual feedback controller fails in a similar way: eventually, the constant force

offset is insufficient to overcome the force on the link in the normal direction. This

causes the system to stall at an equilibrium point, as shown in 5-5a.
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(a) Failing run for visual feedback with high stiffness.
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(b) Two runs of force feedback with varying stiffnesses. The left trajectory is a success,
while the right trajectory is a failure where the end effector breaks contact.

Figure 5-5: Full hinge trajectories at varying stiffnesses.

The force feedback fails in a different way: it breaks contact. Figure 5-5b shows

full hinge trajectories for two stiffness in the middle range of the stiffnesses swept, near

where the force controller transitions to failing. In the lower stiffness, the end effector

maintains contact throughout the entire trajectory, while in the higher stiffness case

the end effector slips off the side and the system springs back to a position near its

original state.

In Chapter 4, we discussed how the force feedback controller may have insufficient

information to remain in contact while the vision feedback controller has incomplete
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information about the object forces. The performance of these two controllers as we

change 𝑘𝐽 reflects that, since the force feedback controller breaks contact while the

vision feedback controller stalls partway through.

5.2.2 Link Mass

Figure 5-3 shows how progress (calculated as 𝛼𝑚𝑎𝑥/𝜋) varies with different joint stiff-

nesses. Thinking back to Equation 3.3, the previous section mostly investigated the

impact of changing 𝐹𝑂 (because that force was largely determined by the joint stiffness

𝑘𝐽), while this section will have the largest impact on 𝐹𝐺 (because the gravity force

is determined by the link mass). Figure 5-6 shows the performance of the controllers

as 𝑚𝐿 is increased.

The results shown in Figure 5-6 are quite similar to what we saw in Section 5.2.1.

The open loop impedance controller hits the limits of its stiffness early on. Vision and

force feedback each improve the robustness on their own, but for larger values they

will eventually stall or break contact, respectively. These failures are shown with the

full hinge trajectories in Figure 5-7. The combined force and vision strategy succeeds

for all link masses.

As we mentioned before, the effects of 𝐹𝑂 and 𝐹𝐺 are similar in that they oppose

motion in the normal direction, so it makes sense that sweeping their parameters have

similar effects.

5.2.3 Coefficient of Friction

Unlike the other outside forces in Equation 3.3, by definition 𝐹𝐹 cannot oppose move-

ment in the �̂� direction, since friction and normal force are always orthogonal. Conse-

quently, all of our feedback control strategies are relatively robust to many coefficients

of friction, although they do begin to fail at low values as shown in Figure 5-8. The

failure mode for the different strategies is similar at low coefficients of friction: at

some point in the trajectory, the link slips from the end effector. Figure 5-9 shows an

example of this happening with the force feedback controller.
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Figure 5-6: Performance of the four impedance controllers on objects with varying
link mass.
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Figure 5-7: Failing trajectories at large masses for the strategies that use a single
type of feedback. The left figure shows the manipulator stalling using only visual
feedback, while the right figure shows the end effector breaking contact using only
force feedback.
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Figure 5-8: Performance of the different feedback types as coefficient of friction is
increased.
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Figure 5-9: Performance of the force feedback controller at several coefficients of
friction. Like all controllers in this work, it breaks contact for a low coefficient of
friction, such as the figure on the left. On the other hand, only the pure force
feedback controller fails at high coefficients of friction, such as the figure on the right.

At high coefficients of friction, the force feedback controller starts to fail because

one of the design assumptions of that controller no longer holds. Recall that we

assume 𝐹 (the direction of the force measured) is the same as �̂� (the direction of the

normal force). Since the coefficient of friction dictates the admissible ratio between

the normal force and the coefficient of friction, this assumption becomes less and less

correct the larger our coefficient of friction becomes. Consequently, the force feedback

control strategy does not have an accurate estimate of �̂� and breaks contact, as shown

in Figure 5-9.

5.3 Sensitivity to Control Parameters

Similar to the sensitivity with respect to object parameters, the sensitivity to con-

trol parameters also measures control strategy robustness. If a particular controller

requires a finely tuned set of parameters (especially one that depends on object pa-

rameters), it will be much more difficult to use in practice.
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Figure 5-10: Performance of all feedback controllers with varying 𝐹offset values.

5.3.1 Offset Force

All of the feedback strategies have an 𝐹offset term that determines how much force

to exert in the normal direction. Figure 5-10 shows the sensitivity of the different

controllers to 𝐹offset. The strategies which measure force are very insensitive to 𝐹offset,

because all 𝐹offset does is provide some nonzero amount of acceleration after the forces

on the link have been balanced out. Conversely, the vision strategy has no normal

force compensation besides 𝐹offset, so its performance is much more dependent on

this parameter. Another way to look at it is that this plot shows the inverse of the

relationships in Sections 5.2.1 or 5.2.2 for the vision feedback controller: the larger

𝐹offset is, the farther the controller can get before it stalls against the object and

gravity forces.
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Figure 5-11: Performance of all controllers with varying translational impedance stiff-
ness, 𝑘tran.

5.3.2 Impedance Stiffness

Changing the translational impedance stiffness 𝑘tran affects all of the controllers shown

in this work. Figure 5-11 shows how the different types of feedback controllers interact

with varying stiffness.

Unsurprisingly, the open loop trajectory’s performance is most dependent on hav-

ing a large stiffness—stiffness relative to the predefined trajectory is the only com-

pensation it has to counteract the forces on the link. (The behavior for the open

loop controller is somewhat erratic at low stiffnesses as it incurs large deviations from

its setpoint and the body of the Panda begins to collide with the links.) What’s

more counterintuitive is that the strategies which use visual feedback actually per-

form worse if the gain is turned up too high. Figures 5-12 and 5-13 show full hinge

trajectories for medium and high stiffness cases, respectively. In the high stiffness

case, the end effector actually tracks the contact point on the hinge too closely. This

51



means that at some point, when the hinge is very deformed and exerting restorative

forces to return to its nominal position, �̂� is no longer aligned with �̂� and the end

effector’s motions actually exacerbates the unraveling of the hinge. Figure 5-13 shows

this phenomenon. This eventually causes the end effector to break contact. When

the impedance is lower, the end effector ends up exerting force on a lower part of the

link for part of the trajectory, avoiding this issue. Figure 5-14 compares the paths of

the contact points on the link specifically.
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Figure 5-12: Full hinge trajectory for a successful run using vision and force feedback
with a medium stiffness (𝑘tran ≈ 5). The orange line shows the path of the link’s
center of mass, while the orange circles show the contact points.

By contrast, the force feedback and open loop strategies do not track a particular

position on the hinge, so they do not run into this issue.
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Figure 5-13: Full hinge trajectory for an unsuccessful run using vision and force
feedback with a high stiffness (𝑘tran ≈ 31.6), where contact points and the path of
the link are shown using the same conventions as in Figure 5-13.
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Figure 5-14: Comparison of the contact point’s position on the link for a medium
stiffness and a high stiffness with the vision and force control strategy. Note that
the higher stiffness initially tracks the center of the link (which is where the setpoint
is) more closely, but eventually it breaks contact once it has pushed the link off the
pedestal.
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5.4 Demonstration

We also tested the open loop controller on the physical robot with the two-link hinge.

The Franka Emika Panda was used as the manipulator, which was the same robot as

in simulation. The end effector was a 3D printed partial sphere fixed to the gripper

fingers of the Panda. The hinge was constructed out of plywood, metal hinges, and

torsional springs. Figure 5-15 shows the entire physical setup, including the Panda,

the gripper, and the two-link hinge.

(a) Initial configuration (b) In progress (c) Task completed

Figure 5-15: Experimental setup with Panda, 3D printed end effector, and two-link
hinge.

Figure 5-16 compares the path of the end effector in simulation versus on the

real robot. The open loop controller is able to fold the hinge successfully on the

physical system, although the discrepancy between the experimental and real robot

trajectories merits further investigation.

A video of the robot folding the two-link hinge can be found at

lis.csail.mit.edu/multilinkHinge.
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with the open loop controller. Both roughly follow the desired trajectory.
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Chapter 6

Conclusion

6.1 Summary of Results

In this work, we explored the nonprehensile manipulation of multi-link hinges. We

developed several controllers and studied the effect of force and vision feedback on

their performance. Vision feedback helped the end effector maintain contact while

force feedback helped move the last link in the normal direction. The robustness of

the controllers to variations in system parameters was characterized, and we found

that overall, the combination of both feedback types provided the best robustness.

We also conducted a preliminary evaluation of the open loop strategy on a real robot.

6.2 Future Directions

In this work, we found that each type of feedback on its own had limitations, and

we addressed those limitations by combining the feedback types. However, there

are other ways to improve the force or vision only controllers. We found that the

vision feedback controller maintained contact well but could not always exert sufficient

normal force. There are other approaches besides using a constant value for 𝐹offset

that could improve performance. One strategy would be to model the normal forces.

Full visual estimates of the positions of all links in the hinge would allow for the most

accurate model, but that may not be necessary—even a heuristic value that increases
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with 𝛼 could be sufficient. This “𝛼 stiffness” could be another control parameter or

even be estimated via adaptive control.

Another way to improve the vision feedback strategy without incorporating force

measurements would be to close the feedback loop around normal velocity rather than

just exerting force in the normal direction. A proportional-integral controller with

control effort 𝐹offset and a reference normal velocity could be another way to avoid

measuring or explicitly modeling normal force

We may also be able to improve the force feedback strategy. Force feedback was

most effective at balancing the normal forces on the link, but it struggled to maintain

contact. Its performance may be improved by more accurately decomposing the mea-

sured force in the �̂� and 𝑇 directions. It may be possible to estimate these directions

more accurately by accounting for the structure of the contact force. Specifically,

we should be able to detect the transition from static to dynamic friction when 𝜇 is

large (and therefore friction forces are large), which gives us information about which

direction �̂� is in.

One shortcoming in this thesis is that we did not fully characterize the real-world

performance of the feedback control strategies on larger numbers of links, so further

experiments on the real robot could be another area of expansion.
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